Quantum field theory successfully explains the origin of all fundamental forces except gravity due to the renormalizability problem. In this paper, we proposed a topological scenario to understand this puzzle. First, we proposed a 3 + 1D topological (quantum) gravity theory which is renormalizable, and it can be regarded as a straightforward generalization of Edward Witten's Chern-Simons theory approach to 2 + 1D topological gravity. Then, we showed that the (vacuum) Einstein-Cartan equation and classical space-time naturally emerge from topological (quantum) gravity via loop condensation. The second step is a unique feature in 3 + 1D and it might even naturally explain why our space-time is four dimensional.
Introduction -Recent discovery of gravitational wave by LIGO [1] verifies Einstein's theory of gravity and brings back the old paradox between general relativity and quantum mechanics. Naively, it has been argued that the absolute time in quantum mechanics is intrinsically inconsistent with diffeomorphism invariance and that it is impossible to construct a gravitational theory that can be consistently quantized.
On the other hand, the modern perspective of continuum field theory based on the concept of renomalization group(RG) suggests that any meaningful continuum field theory must emerge as an effective theory from an underlying RG fixed point, hence it must be a renormalizable quantum field theory(QFT). Indeed, the well known standard model is controlled by a conformal field theory(CFT) fixed point in the asymptotic freedom limit. Therefore, the essential task of defining a quantum theory of gravity becomes defining new types of RG fixed point that can reproduce Einstein's gravity in the semi-classical limit. Recent development in ADS/CFT correspondence conjecture provides us a novel example of defining d + 1-dimensional ADS-space quantum gravity in terms of ddimensional CFT [2, 3] . Nevertheless, the ADS/CFT correspondence does not work in De Sitter space. Hence a much more general physical concept and mathematical framework of understanding quantum gravity are very desired. The so-called loop quantum gravity(LQG) is a very interesting attempt along this direction [4] [5] [6] [7] [8] .
Three decades ago, Edward Witten proposed to use Chern-Simons theory to reformulate 2 + 1D Einstein's gravity [9] and a consistent quantum gravity theory can be defined (at least perturbatively)in the absence of matter fields(with or without cosmological constant term). Although 2 + 1D gravity is somewhat trivial due to the absence of propagating gravitational wave and vanishing of space-time curvature, it still provides us a concrete example of understanding quantum gravity in terms of a topological quantum field theory(TQFT). Moreover, according to the correspondence between Chern-Simons theory and CFT, the ADS3/CFT2 correspondence conjecture can be understood in a very natural way [10] .
Nevertheless, the TQFT approach can not be easily generalized into 3 + 1D due to the following difficulties.
(a) Einstein's gravity in 3 + 1D contains propagating mode -the gravitational wave, therefore it is obviously not a TQFT in the usual sense. (b) Our knowledge of higher dimensional TQFT is very limited and there is no Chern-Simons like action in 3 + 1D.
Thanks to the recent development of the classification of topological phases of quantum matter in higher dimensions [13] [14] [15] [16] , new types of TQFT have been discovered in 3 + 1D to describe the so-called three-loopbraiding statistics. In this paper, we argued that such a TQFT is closely related to Einstein gravity. In particular, we conjectured that gravitational wave will disappear at an extremely high energy scale and 3 + 1D quantum gravity is indeed controlled by a TQFT RG fixed point. At an intermediate energy scale, Einstein gravity and classical space-time can emerge via loop(flux lines) condensation. In the loop condensed phase, the quantum fluctuation is controlled by a small parameter θ and the theory is still power-counting renormalizable. In the semi-classical limit, we can derive the same equation of motion as Einstein-Cartan equation(in the absence of matter fields). Furthermore, our theory predicts the noncommutative geometry between spin connection ω and curvature tensor R.
3 + 1D Topological gravity -In Edward Witten's pioneer work for 2 + 1D quantum gravity, he pointed out that the Einstein-Cartan action in 2 + 1D can be regarded as a Chern-Simons action T r[A ∧ (dA + A ∧ A)] where A is the gauge connection of Poincare group ISO(2, 1)(SO(3, 1) or SO(2, 2) for nonzero cosmological constant case). However, he further argued that since there is no T r[A ∧ A ∧ (dA + A ∧ A)] type topological quantum field theory(TQFT) in 3 + 1D, the corresponding Einstein-Cartan action can not be regarded as a TQFT and in fact it is even not a well defined renormalizable QFT. The tremendous efforts on super gravity theory [11, 12] and ADS/CFT correspondence conjecture all aim to developed a well defined QFT description for gravity.(We hesitate to mention super string theory here since its relevant part to physics still relies on super gravity and ADS/CFT correspondence.)
Instead of using super symmetry(SUSY) and ADS/CFT correspondence to define and understand quantum gravity, here we attempt to consider the problem from a different angle. We would like to ask: Is there any TQFT in 3 + 1D that is closely related to the Einstein gravity, e.g., can we realize Einstein gravity through a proper phase transition from a TQFT? There are several advantages in TQFT approach to quantum gravity, as having already been demonstrated in the 2 + 1D case. First, it is manifested renormalizable and super symmetry is not necessary. Second, it can handle general cases with or without cosmological constant.
Surprisingly, recent development in condensed matter physics indicates that T r[A∧A∧(dA+A∧A)]+ T r(B∧ F ) type actions [17] [18] [19] do exist and might serve as the most general 3 + 1D TQFT that describes nontrivial three-loop-braiding statistics [20, 21] . For discrete gauge group, they are known as Dijkgraaf-Witten theories [22] . Now let us generalize the above action into Poincare group and define the following topological gauge theory:
Here B,B are 2-form gauge fields which were first introduced in usual topological BF theory [23] [24] [25] , and R, T are the usual curvature and torsion tensors:
The first term in the above action is the usual EinsteinCartan action. It is easy to verify that such a topological action is invariant under local Lorentz symmetry transformation. Interestingly, the total action is actually invariant under the whole local Poincare symmetry transformation, if we properly define the gauge transformation of translational symmetry for 2-form gauge fields:
We note that the usual first order Einstein-Cartan action is not invariant under the above gauge transformation, and that's why it is not a well defined TQFT in 3 + 1D. In addition, we can also define the following gauge transformation for 2-form gauge fieldsB µνa and B µνab :
and
where the covariant derivative D µ is defined as:
Therefore the above action can be regarded as the 3 + 1D generalization of 2 + 1D topological gravity. Apparently, the beta function vanishes for S Top and it is renormalizable. The argument is exactly the same as the 2 + 1D case, where the counterterms, if any, are integrals of local gauge invariant functional and can not renormalize the above action. Another straightforward argument is that for compact gauge groups, all the terms in the above actions are actually quantized and the beta function must vanish [17] . Similar to the 2+1D case, e, ω are dimension one operators while B is dimension two operator. Finally, the equation of motion implies the vanishing of curvature and torsion tensors.
Quantization of topological gravity -Before discussing the possible connection with 3 + 1D Einstein gravity, let us proceed the standard canonical quantization for the above topological gravity and explain its underlying physics. The Lagrangian density reads:
where the canonical momentums of ω i ab and e i a are defined as Π 
with the following flat-connection constraints:
Similar to the 2 + 1D topological gravity, the phasespace to be quantized is exactly the solutions of above constraints divided by the group of gauge transformations generated by the constraints. The quantum Hilbert space is the flat connections of Poincare group modulo gauge transformations.(If we regard e and ω as coordinates while π and Π as momentums.)Of course, in order to define an ultraviolet(UV) complete theory, it is much better to use the algebraic framework of tensor 2-category theory [26, 27] (It is well known that the 2 + 1D ChernSimons theory can be described by the algebraic tensor category theory.) In fact, the above constraints are exactly the same as the usual BF theory of Poincare group, and the subtle difference only arises from the definition of physical observable corresponding to loop like excitation, namely, the Wilson surface operator. Let us rewrite the commutation relations in terms of B,B, e, ω:
In recent works, it has been pointed out that such modified commutation relations actually imply the nontrivial three-loop-braiding [17] [18] [19] statistics among flux lines of gauge fields, which makes it different from the usual BF theory of Poincare group with trivial three-loop-braiding statistics.
Loop condensation and the emergence of Einstein gravity -To this point, one may wonder why we are interested in the 3 + 1D topological gravity theory which is somewhat trivial. Here we conjecture that quantum gravity is actually controlled by a topological gravity fixed point and the classical space-time vanishes at extremely high energy scale. Therefore it is quite natural to expect the vanishing of curvature and torsion at that scale. Mathematically, 3 + 1D TQFT can be described and classified by tensor 2-category theory and a possible way to generate interesting dynamics is condensing loops(flux lines in the context of topological gauge theory). If we further assume that the condensed loop carries a nontrivial linking Berry phase [28] [29] [30] , a T r(B ∧ B) type term can be induced. Let us consider the following term:
This term breaks the 2-form gauge symmetry as well as the translational gauge symmetry explicitly. A microscopic derivation of the above term from loop condensation is beyond the scope of this paper. Here we just introduce such a term phenomenologically to describe low energy dynamics and ignore all the microscopic details of loop dynamics, which is the analog of using massive gauge boson to describe Abelian Higgs phase and considering the infinite massive limit for Higgs boson. (More precisely, one can assume that the total action S is consisting of two terms S Top and S Loop at UV scale. S Loop describes the dynamics of closed loop and it can be approximated by S θ in the loop condensed phase after taking the infinite massive limit for loop.) Remarkably, for small θ, the total action S = S Top + S θ is still powercounting renormalizable since S θ only contains dimension four operators. A detailed calculation of beta functions will be presented elsewhere. The classical equation of motion for the total action S reads:
Insert the first two equations into the last equation, we have:
The above equation can be rewritten in a compact form as ǫ abcdB a ∧ e b = 0, which further impliesB a = 0. Thus, we eventually derive the vacuum Einstein-Cartan equation:
Einstein gravity as a non-commutative geometryNow let us proceed the canonical quantization for the total action S. The total Lagrangian density reads:
where the canonical momentum Π i ab , π i a have the same definition as in 3 + 1D topological gravity. By integrating out B 0iab andB 0ia , we derive the following constraints:
We note that the torsion free condition arises as a quantum constraint instead of equation of motion here. This feature is very different from the usual Einstein-Cartan theory. The canonical quantization conditions Eq. (8) imply the following noncommutative geometry:
In the semi-classical limit with, both R and e fields have weak quantum fluctuations while ω andB fields have strong quantum fluctuations. A very interesting observation is that the small parameter θ enter the commutation relation and it will be very interesting to understand the relationship between θ and planck constant in our future work.
To this end, we see that the nature of quantum gravity is the emergence of non-commutative geometry via loop condensation from an underlying topological gravity theory. We stress that S Top with vanishing R and T describes the absolute vacuum of our universe in the absence of classical space time, and it might provide a new route towards resolving the black hole singularity as well as the big bang singularity.
Cosmological constant term -Our construction for topological gravity action in 3 + 1D can be easily generalized into the case with cosmological constant term:
We only need to properly redefine the gauge transformation of translational symmetry:
Similar to the case without cosmological constant term, loop condensation will lead to Einstein-Cartan action with cosmological constant term, and the whole theory remains to be power-counting renormalizable.
Super symmetric generalization -Finally, let us discuss the SUSY generalization of 3 + 1D topological gravity. Similar to the 2 + 1D topological gravity theory, we just need to introduce the gauge connection of super Poincare group and write the action as sT r[A ∧ A ∧ (dA + A ∧ A)] + sT r(B ∧ F ). For example, for the N = 1 case, we can just express A, B and F as:
HereR µνα is the super curvature tensor defined as R µνα = D µψνα − D νψµα where D µ is the covariant derivative for spinon fields. However, as fermionic loops(flux lines) can not be condensed, super symmetry breaking already happens at very high energy scale when bosonic loops condense and classical space-time emerges. Thus, the super curvatureR µνα always vanishes and the semiclassical limit of 3 + 1D quantum gravity can still be described by S at low energy. However, the SUSY generalization might provide us a natural way to extend the our model to include fermionic matter fields. Topological gravity in arbitrary dimensions and the emergence of 3 + 1D space-time -Before conclusion, let us generalize topological gravity theory into arbitrary dimensions with the following gauge invariant action:
where C andC are n − 2 forms. Interestingly, we see that it is only possible to introduce C ∧ C type term for four dimensional space-time. Thus, we may start with a model describing topological gravity in all dimensions(e.g. topological nonlinear sigma model of the Poincare group classifying space) and condense the loop, only the four dimensional vielbein field admits a semiclassical limit that defines the classical space-time!
Conclusions and discussions -In conclusion, we propose a topological paradigm to understand 3 + 1D quantum gravity. In particular, we generalize Edward Witten's 2 + 1D topological gravity theory into arbitrary dimensions. In 3 + 1D, by condensing loops(flux lines), we find a semi-classical limit where the Einstein-Cartan equation emerges.(In the absence of matter fields.) Our approach can be generalized into the case with cosmological constant term. In fact, it is well known that starting from a topological BF theory of gauge group G with action S top = T r(B ∧ F ), condensing the loops by introducing a mass term S g = g d 4 xT r(B 2 )(we consider flat space-time background here for simplicity) is another way to derive a gauge theory with a Maxwell term 1 g d 4 xT r(F 2 )(by integrating out the B fields and regarding g as the coupling constant). Thus, we argue that the concept of condensing loops from a topological gauge theory(which can be rigorously defined as topological nonlinear sigma model in classifying space of the corresponding gauge group [22] ) might provide us a unified description for both gauge theory and gravity.
